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Abstract 

This paper extends the scenario of the Four Color Theorem in the following way. Let J^f^k t> e the 
set of all fc-uniform hypergraphs that can be (linearly) embedded into R . We investigate lower 
and upper bounds on the maximum (weak and strong) chromatic number of hypergraphs in 
j^d.k- F° r example, we can prove that for d > 3 there are hypergraphs in J^dsd on n vertices 
whose weak chromatic number is JXlogn/loglogn), whereas the weak chromatic number for 
n-vertex hypergraphs in J^f d d is bounded by £?(n( d_2 )/( d_1 )) for d > 3. 

1 Introduction 

The Four Color Theorem [AH77, AHK77] asserts that every graph that is embeddable in the 
plane has chromatic number at most four. This question has been one of the driving forces in 
Discrete Mathematics and its theme has inspired many variations. For example, the chromatic 
number of graphs that are embedabble into a surface of fixed genus has been intensively studied 
by Heawood [Hea90], Ringel and Youngs [RY68], and many others. 
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In this paper, we consider graphs and hypergraphs that are embeddable into R d for d > 3 in 
such a way that their edges do not intersect (see Definition [l]below). For graphs, however, this 
is not a very interesting question because for any n e N the vertices of the complete graph K n 
can be embedded into R 3 using the embedding 

<p(y t )=(i,i 2 ,i 3 ) Vie{l,...,n}. (1) 

It is a well known property of the moment curve t >-» (t, t 2 , t 3 ) that any two edges between 
four distinct vertices do not intersect. E. g., this follows trivially from Corollary [IT] in the case 
of fc = 2 and d = 3. 

As a consequence, we now focus our attention on hypergraphs, which are in general not em- 
beddable into any specific dimension. Some properties of these hypergraphs (or more generally 
simplicial complexes) have been investigated (see e. g. IIMen28l MTW11, lvK33l |fIo34I1 ), but to 
our surprise, we have not been able to find any bounds on their chromatic number. 

Before we can state our main results, we quickly recall and introduce some useful notation. We 
say that H = (V, E) is a k-uniform hypergraph if the vertex set V is a finite set and the edge set 
E consists of fc-element subsets of V, i.e. E c ( ) . For any hypergraph H, we denote by V(H) 
the vertex set of H and by E(H) its edge set. We define 

and call any hypergraph isomorphic to Kj® a complete k-uniform hypergraph of order n. 

Let H be a fc-uniform hypergraph. A function k : V(H) — > {l,...,c} is said to be a strong c- 
coloring if for all e e £(H) the property |ic(e)| = k holds. The function k is said to be a weak 
c-coloring if |fc(e)| > 1 for all e e E(H). The strong/weak chromatic number of H is defined 
as the minimum c e N such that there exists a strong/ weak coloring of H with c colors. The 
chromatic number of H is denoted by # S (H) and # W (H) respectively. Obviously, for graphs, 
weak and strong colorings are equivalent. 

We next define what we mean when we say that a hypergraph is embedabble into R d . Here, aff 
denotes the affine hull of a set of points and conv the convex hull. 

Definition 1 (d-embeddings) 

Let H be a fc-uniform hypergraph and d e N. A (linear) embedding of H into R d is a function 
tp : V(H) — * M. d , where (/?(A) for A C V(H) is to be interpreted pointwise, such that 

• dim aff (p(e) = — 1 for all e e £(H) and 

• convey (e! n e 2 ) = conv^ej) n convc/?(e 2 ) for all e 1; e 2 e £(H) 

The first property is needed to exclude functions mapping the vertices of one edge to affinely 
non-independent points. The second guarantees that the embedded edges only intersect in the 
convex hull of their common vertices. Note that the inclusion from left to right always holds. A 
fc-uniform hypergraph H is said to be d-embeddable if there exists an embedding of H into R d . 
Also, we denote by fc tne set °f an d-embeddable fc-uniform hypergraphs. 
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One can easily see that our definition of 2-embeddability coincides with the classical concept of 
planarity [Far48]. Note that in general there are several other notions of embeddability. The 
most popular thereof are piecewise linear embeddings and general topological embeddings. A 
short and comprehensive introduction is given in Section 1 in IIMTWll H . We have decided to 
focus on linear embeddings, as they lead to a very accessible type of geometry and, at least 
in theory, the decision problem of whether a given fc-uniform hypergraph is d-embeddable is 
decidable and in PSPACE [Ren92]. The aforementioned three types of embeddings have shown 
to be equivalent only in the less than 3-dimensional case (see e.g. [Bre83, BGOO]). Since 
piecewise linear and topological embeddings are more general than linear embeddings, all 
lower bounds for chromatic numbers can easily be transferred. Furthermore, we prove all our 
results on upper bounds for piecewise linear embeddings. 



We can now give a summary of our main results in the following Tables 1.2 and 1.3 which 



contain upper or lower bounds for the maximum weak respectively strong chromatic number of 
a d-embeddable fc-uniform hypergraph on n vertices. All results which only follow non-trivially 
from prior knowledge are indexed with a theorem number from which they can be derived. 
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Table 1.1: Currently known values for the maximum strong chromatic number of a d-embed- 
dable fc-uniform hypergraph on n vertices as n — > oo. The number in chevrons 
indicates the theorem number where we prove this bound. 

To conclude the introduction here is a rough outline for the rest of the paper. In Section [2] the 
general concept of embedding hypergraphs into d -dimensional space is discussed and we also 
show the embeddability of certain structures needed later on, hereby extensively using known 
properties of the moment curve t —* (t, t 2 , t 3 , . . . , t d ). Section [3] then applies this to the strong 
coloring problem of hypergraphs and, finally, Section |4]presents our current level of knowledge 
for the apparently more difficult problem of weakly coloring hypergraphs. 



2 Embeddability 



The first part of this section gives insight into the structure of neighborhoods of single vertices 
in a hypergraph H e ^.fc- We will later use them to prove upper bounds on the number of 
edges in our hypergraphs. This will then yield upper bounds on the weak chromatic number. 
However, we must first take a small technical detour into piecewise linear embeddings. As our 
hypergraphs are finite and of fixed uniformity we give a slightly simplified definition. 
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Table 1.2: Currently known lower bounds for the maximum weak chromatic number of a 
d-embeddable k -uniform hypergraph on n vertices as n — > oo. The number in 
chevrons indicates the theorem number where we prove this bound. 
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Table 1.3: Currently known upper bounds for the maximum weak chromatic number of a 
d-embeddable k -uniform hypergraph on n vertices as n — » oo. The number in 
chevrons indicates the theorem number where we prove this bound. 
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Definition 2 (Piecewise linear d-embeddings) 

Let H be a fc-uniform hypergraph and d e N. By the Menger-Nobeling Theorem (see IIMen281 
p. 295] and flN6b31ll ) H e #e D k for D > 2k - 1. So, let y> : V(H) -> R D be such a linear 
embedding and define v?(H) = (J ee£ ^conv^(e). 

A piecewise linear embedding of H into R d is a homeomorphism i/> : (/?(H) — » M d such that there 
exists a subdivision K of (/?(H) (seen as a geometric simplicial complex) such that ip is affine on 
all elements of K. We say H to be piecewise linearly d-embeddable if there exists an embedding 
of H into R d and we denote by J£ d ? \ the set of all piecewise linearly d-embeddable /c-uniform 
hypergraphs. 

Definition 3 (Neighborhoods) 

For a fc-uniform hypergraph H and a vertex v e V(H) we say the neighborhood of v is IV H (v) = 
{w e V(H) : w 7^ v and there is an edge in E(H) incident with w and v}. We define the neigh- 
borhood hypergraph (or link) of v e V(H) to be the the induced (fc — l)-uniform hypergraph 

NH H (v) = (N H (v), {e\{v} : e 6 E(H), v e e}) . 

The degree deg H (v) = deg(v) is the number of edges in E(H) incident with v. 

Lemma 4 

For a hypergraph H S JtffTjr on n vertices, d > A: > 2, and for any vertex v we have that 
NH V (H) e ^ d P _ L l fc _ r 

Proof. Let d > k > 2, H e ^fj 3 ^, v e V(H), and V v = N H (v) nonempty. Then there exist 
ip : V(H) — > R 2fc_1 a linear embedding and i/> : </>(H) — > M d a piecewise linear embedding 
of H for some subdivision K of </>(H). Without restriction assume that c/?(v) = 2 fc-i and 
^(0 2fc -i) = d . 

Let H v = (V v U {v}, {e e £(H) : v e e}) be the sub-hypergraph of H of all edges containing v. 
Obviously, ip\ip(H v ) (the restriction of i/i onto (/>(H V )) is a piecewise linear embedding of H v for 
some subdivision K v C if. Let if J = {e e lf v : 2 fc_i e e}. Then there exists an e > such that 

£-</>(H v )c |J e, 

i. e. all points in e • (/?(H V ) are so close to 2 k-i that they lie completely in elements of K v that 
contain the origin. 

Then ip' : V v U {v} — > R 2fc_1 ,w >-» £ • ip(w) is a linear and thus xp\ip'(H v ) a piecewise linear 
embedding of H v for the subdivision iC 2 = {e n (//(H v ) : e &K^}. We now claim that there exists 
a 1-dimensional subspace S of M'' such that i/>((//(H v )) n S = {0 d }. This is true as each simplex 
ip(e), e e iC 2 , has dimension less or equal k — 1 and hence "forbids" only a null set of possible 
lines through the origin when d>k. Without loss of generality, let S = K x {0 d _i}. 

Let V K 2 2 ip'(y v ) be the set of all subdivision points of it 2 without d . Let n d _! : R d -» K d_1 and 

TTj : M d — > E be the natural projections onto the last d — 1 coordinates and the first coordinate 
respectively. Further, put 5 = min{||7i d _ 1 (i/)(w))|| : w e V K 2} > and A = max{|7r 1 (i/)(w))| : 
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w e V K 2}. We take a regular (d — l)-simplex T C R d_1 centered at the origin with sides of length 
5 and set C = d conv(({-2A} xT)U {(2A,0 d _ 1 )}). Thus, C is the boundary of a stretched d- 
simplex. Due to our choice of 5 and A, all ip(w) for w G lie outside of C and for all e e iC^ 
the intersection i/)(e) n C completely lies in C' := C\({— 2 A} x T), is connected, and the union 
of finitely many at most (fc — 2)-dimensional simplices . 

Thus, there exists a subdivision of JC 2 such that for all e e iC 3 with dimension fc — 1 we have 
that "0(e) nC' is a (fc — 2)-dimensional simplex and still d 6 e . We denote the set of subdivision 
points without d by 2 V^a. Now, one can find a retraction q : \p(ip'(H v )) — » i/j((//(H v )) 
that maps each i/>(w), w e l^s, to the intersection point of the line segment [0 d , i/K^O] with 
C' , such that £> is linear on all ip(e) for e e K 3 . 

Finally, set K = {conv(e n V^) : e e iC 3 } which is now a subdivision of y/(NH H (v)) c y/(H v ). 
Then the image of £> o (t/>|£) lies completely in C'. Thus, 

i> = n d _ 1 ogo(ip\K) n 
is a piecewise linear embedding of NH H (v) into R d_1 for the subdivision K and NH H (v) e 



Lemma 5 



a) For a hypergraph H e ^f, ^ on n vertices, fc > 2, we have that |£(H)| < 



k,k ' — ' fc! 

v>PL 

C fc+l,fc+l 



b) For a hypergraph H e ^+1 on n vertices, fc > 2, and for any vertex v we have that 
deg H (v) < *jtl^l. 

Proof. If fc = 2, then (a) is equivalent to the fact that for G planar |E(G)| < 3n — 6. Given that 
(a) is true for some fc > 2, we show that (b) holds for fc as well. Let H e ^TJ^ k+1 , v one of 



the n vertices. By Lemma |4| NH H (v) e Ji^. By (a), |E(NH H (v))| < — — =^ — which implies 
deg„(v) < ^p^. 

Given that (b) is true for some fc > 2, we show that (a) holds for fc + 1. Let H e fc+r Since 
(b) is true for every vertex v h we have 

Y" deg H (v ; ) n{6n k - 1 - 12n k ~ 2 ) 6n k - 12n k ~ 1 

\E(H)\ = — < _b 1 _ . 

1 V n fc+1 _ (fc+l)fc! (fc + 1)! □ 



Corollary 6 

For a hypergraph H se Jtf^ on n vertices, fc > 3, and for any edge e se E(H) there exist at most 
fc(6n fc " 2 - 12n fc_3 )/(fc - 1)! - 1 other edges adjacent to it. 

Proof. This follows from Lemma [5] since every edge has exactly fc vertices and each of them 
has at most degree 6n r ,~^" — • As e itself counts for the degree as well, one can subtract 1. □ 
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We need to bound the number of edges in a d-embeddable hypergraph to prove upper bounds 
for the chromatic number. The following proposition will also help to do this. Note that 
there exist much stronger conjectured bounds (see [|Kal02[ Conjecture 27] and ||Gun091 Con- 
jecture 1.4.4]). 

Proposition 7 (Gundert ||Gun09 , Proposition 3.3.5]) 

Let k > 2. For a fc-uniform hypergraph on n vertices that is topologically embedabble into 
R 2k ~ 2 , we have that \E(H)\ < n fc_3l ~\ 



Corollary 8 

Using Lemma 



PL 

2k-l,k 



we inductively obtain that for H e J^t-i k on n vert ices, 



and Proposition 
k > I > 2, we have that |£(H)| < n 
Corollary 9 

For a hypergraph H e Jf^k-i k onn vert i ces » k>l>3, and for any edge e e £(H) there exist at 
most fcn fc_1 ~ 3 ' k — 1 other edges adjacent to it. 

Proof. This fact follows analogously to Corollary [6] from Corollary [8j □ 

In order to find lower bounds for the chromatic number of hypergraphs later on, we need to 
be able to prove embeddability. The following theorem from Shephard will turn out to be very 
useful when embedding vertices of a hypergraph on the moment curve. 

Theorem 10 (Shephard [She68l) 

Let W = {w 1 , . . . ,w m ] c R d be distinct points on the moment curve in that order and P = 
convW. We say a q-element subset {Wj 1 ,w l - 2 ,...,w l - } Q W where i± < i 2 < ••• < i q is called 
contiguous if i q — i x = q — 1. Then U Q W is the set of vertices of a (fc — l)-face of P iff \U\ = k 
and for some t > 

L/ = y s ux 1 u---ux t uy £ , 

where all X h Y s , and Y E are contiguous sets, Y s = or w 1 e Y s , Y E = or w m e Y E , and at most 
d — k sets X t have odd cardinality. 

Shephard's Theorem thus says that the absolute position of points on the moment curve is 
irrelevant and only their relative order is important. Furthermore, note that all points in W are 
vertices of P. The following corollary helps in proving that two given edges of a hypergraph 
intersect properly. 

Corollary 11 

assume that W = U 1 U U 2 where U 1 and U 2 are embedded edges of 



In the setting of Theorem 
a fc-uniform hypergraph. 



10 

Then these edges do not intersect in a way forbidden by Definition [l] 



if at least one of them is a face of P = conv W. It thus suffices to show that for one j e {1, 2} 

U j = Y s UX 1 U---UX t UY E 
holds where at most d — k of the contiguous sets X t have odd cardinality. 

In the k = d = 3 case Corollary |11| allows zero odd sets X t . Thus, we can easily classify all 
possible configurations for two edges. 
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Corollary 12 

Given a 3-uniform hypergraph H and ip : V(H) — > M 3 . Then is an embedding of H if ip maps 
all vertices one-to-one on the moment curve and, for each pair of edges e and / sharing at most 
one vertex, the order of the points (/?(eU/) on the moment curve has one of Configurations 1-10 



shown in Figure 2.1 The relative order of edges with two common vertices is irrelevant. 





10 



Figure 2.1: Possible configurations for two edges e and / in M 3 . The vertices of e are marked 
on the top, those of / marked on the bottom. Equivalent cases, one being the 
reverse of the other, are only displayed once. 

However, there is one more possible configuration which is not covered by Shephard's Theorem 
as both edges are not faces of the polytope of their vertices. 

Lemma 13 

Given a 3-uniform hypergraph H and <p : V(H) — * M 3 . Then ip is an embedding of H if ip maps 
all vertices one-to-one on the moment curve and for each pair of edges e and / sharing at most 
one vertex, the order of the points <^(eU/) on the moment curve has one of the configurations 



shown in Figure 2.1 The relative order of edges with two common vertices is irrelevant. 



Proof. Having in mind Corollary 12 

*o,i < *2,o < Xi,i < *2,i £ R, i/> : I 



it is sufficient to prove the following: For x QQ < x 10 



< 



l 3 ,xp(x) = (x,x 2 ,x 3 ) the moment curve, and D t = 
{x i ,x 1 ; i,^2,i} we have that convi/)(D )nconvi/)(D 1 ) = 0. Assume otherwise. Note that if two 
triangles intersect in M 3 the intersection points must contain at least one point of the border 
of at least one of the triangles. Thus, without loss of generality, conv{i/»(x, lj0 ), ip(Xj 2> o)} n 
convi/>(Di) 7^ 0. However, by Theorem 10 we know that convji/^x^ ), t/>(x j2 )} is a face of 



the polytope P = conv({i/)(x ;i ), i/>(x,- 9 )}U ^(Dj)) which is a contradiction 



J2 



□ 
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3 Strong colorings 

For d, k, n G N we define 

Xl jk {n) = max{ X s (H) : H e \V{H)\ = n} 

to be the maximum strong chromatic number of a d-embeddable fc -uniform hypergraph on n 
vertices. 

Clearly, %^ An) is monotonically increasing in n and in d and monotonically decreasing in k 
if the other parameters remain fixed. Furthermore, it is not difficult to establish some kind of 
strict simultaneous monotonicity as follows: 

Lemma 14 

For d, k, n e N, we have 

X s d+ i, k+1 (n + l)>xl k (n) + l. 

Proof. Let H e J*f d k be such that c = J S (H) = x& fc( n )- Let ip be an embedding of H into 
M d . Set V' = V(H) U {v 1 } where v' ^ V(H). Furthermore, set E' = {eU {v 7 } : e e £(H)} and 
consider the embedding 



d+i J(v(v),0) ifveV(H) 



(0 d ,l) ifv = v / • 



Then, H' = (V', E') is in ^f+ifc+i using the embedding <//. Assume that H' has a strong 
coloring with at most c colors. By the construction of E', this would yield a coloring with less 
than c colors for H, which contradicts the choice of c. □ 

We now give lower bounds on x^ fc( n )» which we essentially derive by retreating to graphs. 
Definition 15 (The shadow of a hypergraph) 

Let H be a fc-uniform hypergraph, k > 2. Then we call, following [GGL95, §7.1], 

5*(H) = (V(H), {{v a , v 2 } : {v 1; v 2 } C e for some e e £(H)}) 
the (second) shadow of H. 

For a fc-uniform hypergraph H, we have 

j s (H) = *(^(H)), (2) 

where j^(G) is the classical chromatic number of a graph G. 
Remark 16 

a) The Four Color Theorem and Equation (2) imply that #2fc( n ) — 4 for k e {2,3}. Obviously, 
there are graphs and hypergraphs for which this bound is sharp. 

b) For d > 2k - 1, we have x\ = n as is {2k - l)-embeddable for all k e N by the 
Menger-Nobeling Theorem (see IIMen281 p. 295] and HNob31l0 and x s (k^) = 
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c) For d < k — 2, we know X s d Jji) = 1 as H e &?d,k cannot have any edge. 
Theorem 17 

For n > 4 we have xl 4(1) ^ |_ v 7 "] • 

Proof. It is sufficient that for m > 4 we can find a hypergraph H e Jif 3 4 on m 2 vertices with 
strong chromatic number larger or equal m. Let m > 4 and let G = iC m be the complete graph 
on m vertices. We can use the embedding (p from Equation ([I]) to embed G into M 3 . 

Note that G has only finitely many edges. So for every embedded edge e = {u, v} of G there 
exists a small open convex set C e c R 3 such that (convi/?(e))\(/?(e) C C e , y(e) C <3C e , and 
(C e n convi^C/)) C {^(u), v ( v )} for all / ^ e e E(G). 




Figure 3.1: Construction of C e . 

Now for each edge e e E(G) define two new vertices v' e and v". Further, let w' e and w" e M 3 
be two arbitrary points in C e such that {w' e , w", y>{u), i/?(v)} are in general position and thus 
form the edges of a tetrahedron in C e . We want to define the hypergraph H using the vertex set 
V = V(G) U {v' e , v" : e e £(G)} thus adding the newly created vertices. We set £ = {eU {v' e , v"} : 
e e£(G)} and 

f 

tp(y) ifveV(G) 
(// : V — > M 3 , v->| w£ if v = for some e . 

w" if v = v" for some e 



Then (// is an embedding of H as each edge forms a tetrahedron inside its corresponding set 
C e and intersects with other tetrahedrons at most at its two endpoints. Hence, H e ^3 4. 
Obviously, I V| = m 2 and X \H) = X (S?(H)) > X (G) = X (KJ = m. 



□ 



Corollary 18 

Together with Lemma 



14 



we obtain for large n and d > 3 that 



X 5 dd+1 (n)> Vn-d + 3 



+ d -3. 



Using monotonicity the same holds for all d > 3, k < d + 1 and k (n). 
Theorem 19 

For n > 1 we have X % 3 (n) = n. 

Proof. First consider n e N odd, n = 2m + 1. Set V m = {v , . . ., v m , w 1; . . ., w m }, £ m = 
H v ;> VjjWj} : < i < ; < m} U {{w i; Vj, w ; } : 1 < t < ; < m} and look at the 3-uniform hyper- 
graph F m = (V m ,E m ). It has 2m + 1 vertices and one can easily see that / s (F m ) = z(^(^m)) = 
X(K 2m +i) = n. 
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It is now left to show that F m is 3-embeddable for all m. Define </?(x) = ^x,x 2 ,x 3 ) for x e R. 
Set i/v(v ) = ip(l), i/> m (v f ) = i/?(2i), and i/) m (wj) = ip(2i + 1) for all i e {1, . . . , m}. 

ip m is an embedding of F m : We use induction on m and for m = or m = 1 this is trivial. 
Now assume that this is true for some m. Take any two edges ej ^ e 2 e E m+1 . Observe that 
ipm+i\V m = If 61,62 e ^m) then they intersect according to Definition [l] because ip m was 
an embedding of F m . If both edges are in F m+1 \F m then they share the two vertices v m+1 and 
w m+1 . Thus, they also intersect according to Definition [I] 

When e 1 e E m+1 \E m and e 2 £ F m , we have to distinguish the several different cases of Corol- 
lary[l2j If e x and e 2 share one vertex, we have one of Cases 6-8 and we are done. So, assume 
ei and e 2 to be disjoint. Let < i,j,k < m be pairwise distinct. If e x = {v i; v m+1 ,w m+1 } 
and e 2 = {w t ,v k ,w k }, then i < fc and we have Case 3. If e 1 = {w t , v m+1 , w m+1 } and e 2 = 
{vj,Vfc,Wfc}, we have Case 2. The last possibility is that e x = {[v ; or W;], v m+1 , w m+1 } and 
e 2 = {[v ; - or Wi], v k , w k }. However, then we are in Case 1 if i > k > j, in Case 2 if k > i > j, and 
in Case 3 if k > j > i. Hence, i/'m+i i s an embedding of F m+1 . 

Now, let n be even, n = 2m. Note that by monotonicity we already have /| 3 (2m) > #| 3 (2m — 
1) > 2m — 1. Take F m _! and add one more vertex to obtain V' m = V m _i U {v^}. Furthermore, 
set E' m = E m _ x U {{v' , Vi , Wi } : 1 < i < m} U {{v'^v^w^}} and define = (V^E'J. This 
hypergraph has 2m vertices and ^ S (F^) = ^(5"(F' )) = x(K 2m ) = We claim that it is 3- 
embeddable for all m via the embedding ip' m (v) = V'm-i( v ) if v 7^ v o an< ^ ^m( v o) = 

As before, take any two edges ej 7^ e 2 e F' . If both edges are in E m _ 1 , both edges are of 
the form {v' Q , v t , wj, or both edges share two vertices, then they obviously intersect according 
to Definition [TJ If e± = {v' ,v ,w m _ 1 }, we have Case 3 if the edges are disjoint and one of 
Cases 5, 8, or 9 if not. Let < i,j,k < m — 1 be pairwise distinct and let e 1 = ty^v^Wj}. If 
e 2 = {v ,Vj,Wj}, we then have Case 3 if j < i and Case 2 otherwise. If e 2 = {[v ; - or Wj],v k ,w k }, 
we are in Case 1 if k > j > i, Case 2 if fc > i > j, and Case 3 if i > k > j. Finally, if 
e 2 = l v ;> v fc> w fcL we have Case 7 and if e 2 = {wi,v k ,w k }, Case 6. Hence, tp' m is an embedding 
ofF' □ 



Corollary 20 

Together with Lemma 



14 



we obtain that 

Xd,dW = n. 



By monotonicity, % s d k (. n ) — n holds for all d > 3, k < d. 



Thus, except for the cases where k — d + 1, the maximum strong coloring problem was solved. 
In particular, we have shown that an unbounded number of colors can be necessary for any 
strong coloring of a d-embeddable hypergraph if d > 2. 
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4 Weak colorings 



For d, k, n e N we define 

Xl k {n) = max{ Z w (H) : H e JV dJl , \V(H)\ = n} 

to be the maximum weak chromatic number of a d-embeddable fc-uniform hypergraph on n 
vertices. 

In this section, we give lower and upper bounds on #J fc (")- Obviously, zJ^C") ^ s mon °tonically 
increasing in n and in d and monotonically decreasing in k if the other parameters remain 
fixed. Note that an equivalent of Lemma [l4| is not true for weak colorings as the existence of 
one vertex incident with all edges automatically implies the existence of a weak 2-coloring. 



Remark 21 

a) For k = 2, the results in Tables 
chromatic numbers coincide. 



1.2 



and 



1.3 



are the same as in Table 



1.1 



as weak and strong 



b) For d > 2k - 1, we have £™ fc (") = 9(n) as is (2k - l)-embeddable for all k e N by the 
Menger-Nobeling Theorem (see IIMen28l p. 295] and IIN6b31lh and * w (K^) = \n/(k - 1)1. 

c) For d < k — 2, we again know #™ fc (") = 1 as H e J^d,k cannot have any edge. 
Proposition 22 

For all n > 3 we have # ™ 3 (n) < 2. (This bound is obviously sharp.) 

Proof. Let H e 3 and V = V(H). Then G = Sf{H) is a planar graph, thus /(G) < 4. Let 
k : V -» {1,2,3,4} be a 4-coloring of G. Define 

k '. V — > {1, 2}, v 1 — > (fc(v) mod2) + l. 

In any triangle {u, v, w} of H under the coloring k these vertices have exactly three different 
colors. Therefore, under the coloring k' at least one vertex with color 1 and one vertex with 
color 2 exists. Thus k' is a valid 2-coloring of H. □ 

Theorem 23 

Let d > 3. Then one has 



6ed 



d-l d-2 

nd-i 



d-2 \ 



.(d-l)!. 

This result also holds for piecewise linear embeddings. 

Proof. Let H e ffi^ L d 2 ^d,d- By Corollary |6 we know that every edge is at most adjacent to 



A = d(6n d-2 - 12n d-a )/(d - 1)! - 1 other edges 



„d-3 



We want to apply the Lovasz Local Lemma [ EL75[[Spe77| | to bound the weak chromatic number 
of H. Let c e N. In any c-coloring of the vertices of H an edge is called bad if it is monochromatic 
and good if not. In any uniformly random c-coloring the probability for one edge to be bad is 
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p = -331 . Moreover, note that the events whether one edge and a set of edges not adjacent to 
the first edge are bad are independent. Thus each event whether an edge is bad depends on at 
most A other such events. 

The Lovasz Local Lemma guarantees us that there is positive probability that all edges are good 
ife-p-(A + l)<l. This implies that H is weakly c-colorable. Note that 



e-p-(A + l)< 1 



ed(6n d " 2 - 12n d " 3 ) ^ d _ 1 



(d-1)! 



<c a 



Choosing an integer 



c > 



6ed 



the hypergraph H is c-colorable and j w (H) < c. 
Theorem 24 

Let d > I > 3. Then one has 



w h / ed(6n d " 2 - 12n d " J ) \ d ~ 

72 d-l > _ 



(d-1)! 



□ 



1 3' -1-0 

(ed)d z Tn 1 ~~d :: i" 



This result also holds for piecewise linear embeddings. 



= O [ n d-i 



Proof. By Corollary 9 we know that every edge is at most adjacent to A = dn 



other edges. The rest of the proof is now analogous to the proof of Theorem 23 



- 1 

□ 



By monotonicity the upper bounds presented here also hold if the uniformity of the hypergraph 



is larger than stated in Theorems [23] and 24 In the remaining part of this section, we now 
consider lower bounds for the chromatic number of hypergraphs. 

Theorem 25 

As n — * 00 one has 

f logn 



X33W = n 



V log logn 



Proof. We first define a sequence of hypergraphs H m for m > 2 such that J w (H m ) > m. Set 
H 2 = Kg which has 3 vertices. Define H m for m > 2 iteratively assuming X w (.H m -i) — 

m — 1. Take m new vertices {v , . . ., v m _i} and m(m — l)/2 disjoint copies of H m _ 1 , labeled 
tt[0,i] „[m-2,m-l] 

The edges of H m shall be all former edges of all H^'l\ together with all edges of the form 

{v;, Vj, w} where i < j and w e H^'_ v Assume H m is weakly (m — l)-colorable. Given such a 
coloring, one color must occur twice in {v , . . . , v m _i}. Say, these are the vertices V; and V; 2 

where ii < i 2 . This color cannot occur anymore in the coloring of . Thus, H^l 2 must 

be weakly (m — 2)-colorable. This is a contradiction and H m is at least (and obviously exactly) 
weakly m-chromatic. 
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Figure 4.1: Construction of H l 



We now claim that H m e ^f 3 3 for all m > 2. Therefor we give a function f m : V(H m ) — > 
{1, . . . , n m } where n m is the number of vertices of H m . This function defines the order in which 
the vertices of H m will be arranged on the moment curve t >-» (t, t 2 , t 3 ). Lemma 13 on possible 
configurations then guarantees that H m is embeddable via arbitrary points on the moment 
curve. Note that the absolute position of vertices on the moment curve is not important, only 
their relative order. 

The hypergraph H 2 = can be embedded into R via any three points on the moment curve, 
so f 2 '■ V(H 2 ) — > {0, 1, 2} can be chosen arbitrarily. Assume that / m _i has already been defined 
and that the vertices of H m _i arranged in that order on the moment curve form an embedding. 
Look at the vertices of H m as given before. We define / m (vy) = n m _ 1 ■ j{j — l)/2 + j for < ; < 



m — 1 and for any w e H^_j with i < j we set f m (w) 



_! •(;(; -l)/2 + i) + j+/ m -iO). 



This gives exactly the order shown in Figure 4.1 



Now, arrange the vertices of H m on the moment curve in that order and pick any two edges e 1 



and e 2 . By Lemma 13 we can assume that they do not share two vertices. If both edges are 

jUJ] 

m- 



from the same subhypergraph H~/_i then they can only intersect according to Definition 
their relative order reflects that of f m -\. If they originate from distinct subhypergraphs H 
they are of Case 1 in Figure 



as 



and H 



[12J2] 



m-l 



{Vj^v^.v} where v e H^{ a and that the other is from some H 



2.1 



Next, 



m-l 

assume that one of them is of the form 

U2J2] 
1 • 



Then, by definition, 



h < h an< i h < h an< i an tne possible cases of Lemma 13 are listed in Table 4.1 



Case number Relative order of t 1; i 2 , ji,j 2 

1 h < h> Ji = k and h < k, h > h 

3 j 1 > j 2 and i x < j 2 , j 1 = j 2 and i x > i 2 

1, 2, 3, 6-8, or 11 j x = j 2 and i x = i 2 



Table 4.1: Possible cases if one edge is newly constructed and one is an old edge. 



Finally, take e-^ — {v t - , v,- , v} and e 2 = {v f . 
of the cases listed in Table 4^2 Thus, the order given by /, 

To estimate n m , we use the following recursion 



'j , w} (again < j 1 and i 2 < j 2 ~). We then have one 
provides an embedding of H m . 



"2 = 3, 

n m = m + n m _ 1 ■ m(m — l)/2 for m > 2. 
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Case number 



Relative order of i 1 , i2,k>h 



1 

2 
3 
7 
8 

10 



Ji < h, h > h 

i2<h< h < h> k<h< k < h 

k<k< h < k> i2<h< k < h 

k = h = h 
ij = i 2 and fa # j 2 

i 2 ^ i x and j x = j 2 



two shared vertices ii = i 2 and ji = j 2 
Table 4.2: Possible cases if both edges are newly constructed. 



This can be bounded by n m < m =: n m . Then 



= 2m 



logm 



log log n m "" log(2mlogm) 
and we finally get that m = n f . lo f" m 1 > n f . lo f" m 1 . 



= 6{m) 



Note that by monotonicity also %™ 3 (n) = ft ^ J"^ j . Figure 
ding of H 3 and ff 4 . 



□ 



4.2 



gives examples for an embed- 





Figure 4.2: Examples for an embedding of H 3 and H 4 . 



Theorem 26 

Let d > 3. Then, as n — > oo one has 



log" 
log log n 



Proof. Induction over d. The case d = 3 was shown in Theorem [25] Let d > 3. Suppose we 

jd-i> 

m 



have constructed a family (H^ i ) meN of hypergraphs in 3%2d-5,d-i such that # W (H^ x ) > m. 
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Let H 2 = K- f . The hypergraph H 2 has d vertices, one edge, and is weakly 2-colorable. Define 
H~, for m > 2 iteratively given that ;f w (H"*_,) — m — 1- Therefor take one copy of H^, and 
one copy of (d — l)-uniform H^ -1 . 

The edges of H d shall be all edges of H^_ x and all edges of the form ({v} U e) for v e V(H^ ! _ 1 ) 
and e e E(H d_1 ). Assume that there exists a weak (m — l)-coloring of H d . Then there has to be 
at least one monochromatic edge e e £(H^ _1 ). No vertex of H^ n _ 1 can be colored with this color, 
so its edges must be weakly (m — 2)-colored. This is a contradiction and thus # w (H d ) > m. 




Figure 4.3: Construction of H'L. 



25 



we give a 



We now claim that H d se ^2d-3,d f° r au m > 2. As in the proof of Theorem 
function : V(H d ) — > {1, . . . , n d } where n d is the number of vertices of H d . This defines the 
order in which the vertices of WL will be arranged on the moment curve t <-* (t,...,t 2d_3 ). We 



then use Corollary 1 1 to prove that WL is embeddable via arbitrary points on the moment curve. 



As before, the absolute position of vertices on the moment curve is not important. For a fixed 



uniformity d and dimension 2d — 3, Corollary 11 guarantees that if for two given edges the 



vertices of at least one edge have at most d — 3 odd contiguous subsets, they intersect properly 
according to Definition [I] 

If d = 3 we can set fj? = f m for all m > 2, where f m is as in the proof of Theorem 25 For d > 3 
we have by assumption that there exists a corresponding family of functions 

{ft l --nH d m - l )^{l,...,n d m - 1 }) m 

such that the vertices of H d_1 arranged in that order on the moment curve form an embedding. 
We then have to give a family of functions /ij for d. 

H 2 can be embedded into R 2d ~ 3 via any d points on the moment curve, so f 2 d : V(H 2 ) — * 
{l,...,d} can be chosen arbitrarily. Assume that f^_ l has already been defined and gives an 
embedding of H d i _ r We define / d (v) = /^(v) for v e VTH^) and for any w 6 VCH^ -1 ) we 
set /m( w ) = n m-i +/m _1 ( w )- This * s a ^ so snown i n Figure 



4.3 



Arrange the vertices of H d on the moment curve in that order and pick any two edges gi 
and g 2 . If both edges are from the subhypergraph H d i _ 1 then they intersect in accordance to 
Definition [l] as their relative order reflects that of f£_ v If one edge is from H d i _ 1 and the other 
of the form (jv}Ue) where v e V(f/J_ 1 ) and e e ^(H^ -1 ), both edges have at most one odd 
contiguous subset (except from the first and last one), which is no problem for d > 3. 

Finally, we look at the case g 1 = ({vi} U e x ) and g 2 = ({v 2 } U e 2 ). Then their vertex sets have 
at most one more odd contiguous subset than the edges e 1 and e 2 had in the ordering of 
The last number, by assumption, was bounded from above by (d — 1) — 3 for at least on e t , 
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i e {1, 2}. So at least one g ; has at most d — 3 odd contiguous subsets. Thus, the order given by 
provides an embedding of H^. 

Note that there is one small exception when d = 4. Here, e 1 and e 2 could be in the relative po- 



sition of Case 1 1 in Figure 2.1 and consequently have more than (d — 1) — 3 = odd contiguous 
subsets. However, this is no problem as in all possible extensions to g 1 and g 2 at least one of 



the edges continues to have only one odd contiguous subset (see Figure 4.4). 




Figure 4.4: All possible 4-uniform extensions of Case 11 in Figure |2.1| as occuring in the 
construction of Hi . 



To bound the number of vertices of H d we use 



nj = d, 

A _ „d , „d-l 



Iteratively we get that n d m = d + £™ =3 n d r _1 < m • n^" 1 < • • < m d ~ 3 ■ n m = m 2m+d ~ 3 . Now for 
large m and fixed d, 



<(2m + d-3)- 

log log < 



log(m) 



log((2m + d-3)log(m)) 



log(m) 

<3m- 7 =<y(m). 
log(mlog(m)J 



Hence, m = ^ f , '"f"^ 

^loglognf n 



□ 



Note that by monotonicity also *2 d _ 2>d (n) = n (j^^J • 
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